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Abstract. We classify invariant Lagrangians of the form L(gi;, gij .k, 9ij.k1, D1, Drj)
depending at most quadratically on the variables g;;,g;jx and Dy, Dy j, where
g is a Lorentz metric and D is a tensor field of arbitrary rank on an arbitrary
smooth manifold. As a corollary, we prove a conjecture of Bray’s regarding the
classification of certain variational principles with variables a Lorentz metric and an

affine connection.



1. Introduction

In classical General Relativity, spacetime is described by a Lorentz manifold
(M*, g) satisfying the Einstein equation

G = 8nT, (1.1)

where G is the Einstein curvature tensor G = Ricy — %Rgg and T is the stress-
energy tensor of the matter fields present.! While the tensor formula (1.1) provides
one realization of the qualitative principle at the center of GR—that matter curves
spacetime, it’s not clear, at first glance, why this is a more natural choice than, say,
Ric = 8nT, or other formulas relating curvature to matter density. The key reason
G gives the most natural representative of spacetime curvature for these purposes
lies in the standard symmetries of the curvature operator: by the second Bianchi
identity, the divergence of G automatically vanishes in every spacetime—a statement
which, coupled with (1.1), we can view as a conservation principle.

While the fact that div(G) = 0 is an immediate consequence of the second
Bianchi identity, it also follows from a fundamental observation made by Hilbert in
the early days of GR: the Einstein tensor G is the Euler-Lagrange tensor associated
with the action

E(g) = / RydVoly; (1.2)
M
that is, G is the unique tensor field satisfying
d
a4 / Ry dVoly,|i—o = — / (G, b ydVol, (1.3)
dt Jx K

for all varations g; of g supported in a compact set K C M, where h = %]tzo [4].2

In general, for any action of the form

F(g) = /M fqdVolgy

where f,; has the coordinate expression f; = |det (gi;)| " L(gij, gijk» 9ijh1) for some

smooth function L(gij;, gijk, 9ij k1), it’s not difficult to see that the Euler-Lagrange
. . . .. 2

tensor (given in each chart (z*) by B = —%—i—% 857,‘?}@ - 8;2811 agfkl

free [4]. Onme key advantage of Hilbert’s formulation of GR is that it provides a

) is divergence-

!By Ricg, I of course mean the Ricci curvature
Rici]- = Rfﬂk = d.’Ek(VBkVBj 87, - Vaj Vak&'),

and by R, its contraction with g, i.e. the scalar curvature.

2Strictly speaking, the total integral E(g) as written is generally not defined in this context, since
our spacetimes are usually taken to be noncompact. Instead, we can think of E(g) as representing
the family of (well-defined) functionals given by integrating the scalar curvature over compact
subsets of spacetime. Similar abuses of notation will occur frequently throughout this discussion.



natural way of coupling a matter field’s equations of motion with the Einstein equa-
tion governing the geometry of the spacetime: if a matter field is described by some
“potential” (r, s)-tensor field A € F) (M), we consider actions of the form

F(g,A) = /M(Rg + fg,4)dVolg,

and call a pair (g, A) physical if and only if it is a critical point of F' with respect to
compactly supported variations of both g and A. Varying in the g direction yields
the Einstein equation G = 87T (where we define the stress energy tensor T in a
manner similar to (1.3)-up to a factor of —8r-by replacing Ry, with fg, 4), while
varying in the A direction yields the equations of motion of the matter field—e.g.,
Maxwell’s equations, when A is the one-form describing electromagnetic potential
[4].

Given the success of this Lagrangian formulation of GR, it is natural to ask
how the theory changes when we base our theory not on the Einstein-Hilbert action
(1.2), but on structurally similar functionals of the metric. If we define “struc-
turally similar” actions to be those of the form fM L(ij, 9ij k> Gijki)dV olg, where
L(9ij, 9ij k> Gij ki) is a coordinate-invariant function depending (affine-)linearly on
the second derivatives of the metric, the answer is largely understood. It was
shown around a century ago by Cartan and Weyl that the space of functions
L(gij, 9ij k> 9ij k1) satisfying these conditions is spanned by the scalar curvature R,
and the constant function 1 [7]. Thus, all functionals structurally similar to (1.2) in
the above sense have the form

/ (aRy + b)dVoly, (a,beR) (1.4)
M

so that, up to scaling (except in the degenerate case a = 0), the associated Euler-
Lagrange tensor has the form
G+ Ag (1.5)

for some constant A. In recent decades, astrophysicists have observed that a non-
trivial cosmological constant-as the parameter A in (1.5) is now known-can account
for the accelerating expansion of the universe, and modifying the classical Einstein-
Hilbert action by adding a small constant term has become one of the most popular
explanations for the phenomenon known as “dark energy” [2].

While the classification of geometric objects subject to certain structural con-
straints is a compelling subject in its own right, the example above illustrates how
these kinds of classification problems can be of direct physical import: by explor-
ing all those theories which are, in some sense, “close to” a standard one, we may

discover a modification that resolves a problem in the original theory.



In [1], Bray constructs an intriguing model for the gravitational effects of dark
matter by considering functionals F'(g, V) of a Lorentz metric g and an affine con-
nection V, given in coordinates by a Lagrangian of the form

L(Gijs 9ige> Vighs Tigiet) = Quad g, y(9ij ks Tighs Lijket) (1.6)

—that is, degree-2 polynomials in the variables (g;jx, iji, I'iji,;) with coefficients in
the smooth functions of the metric components (g;;). Specifically, he shows that the
subset of these which determine a variational principle equivalent to one given by

an action of the form
/ (aRy +b+ cl|d7|£27 + c2Qq4(D))dVoly, (1.7)
M

predict a number of cosmological phenomena often attributed to dark matter—most
notably, the spiral patterns found in many disk galaxies [1].3 (Here, following Bray’s
notation, D is the difference tensor

1
Diji =Ty — i(gik,j + Gjki — Gijk)s

7 is the fully-antisymmetric part of D, and Q4(D) is a coordinate-invariant function
given in coordinates by a quadratic polynomial in (D;;;) with coefficients in the
smooth functions of (g;;).) Bray then conjectures that all variational principles
determined by Lagrangians of the form (1.6) are in fact equivalent to one of those
given by the actions (1.7), so that all actions with a polynomial structure similar to
that of (1.7) will yield the same dark matter model.

By replacing the assumption that L take the form (1.6) with the requirement
that L take the more general form

L(Gij; 9ij ks Gijkts Lijis Tijieg) = Quadg, y(9izkes Gigkts Lighs Light) (1.8)

and satisfy a coordinate invariance condition, we answer this question in the affir-

mative, and establish that, more generally,

Theorem 1.9. (Main Theorem—Paraphrase of Theorem 3.2) Any geometric vari-
ational principle with fields a metric and a tensor field of type (0,7) given by a

coordinate-invariant Lagrangian of the form

L(gij, 9ij.k+ Gijkts Dr, Dr ;) = Quadg, .y (ij ks Gij.ks D1, Dr ) (1.10)

3The keen reader will note that Lagrangians of the form (1.6) do not, in fact, include the scalar
curvature Ry, as the scalar curvature depends linearly on second derivatives of the metric; however,
R, differs from a Lagrangian of the given form only by a divergence term, and therefore (by the
divergence theorem) determines an equivalent variational principle, with the caveat that we only
consider variations supported in some coordinate patch.



1s equivalent to one given by a Lagrangian of the form
a+ bRy + cldvy|? + Ty(D) + Qq(D),

where Qq(D) = 1! (gap) DDy and Ty(D) = 0! (gap) D1 are coordinate-invariant
quadratic and linear functions, respectively, of (Dy), with coefficients in the smooth

functions of the metric components (g;j).

In particular, we deduce that, for all varational principles of the form (1.10), the
only part of D whose dynamics are controlled by the resulting equations of motion

is the fully antisymmetric part ~.

2. Review of Classical Results

In order to introduce many of the techniques that we’ll employ in the proof of
the main theorem, we review here some classical results concerning the classification
of certain families { f} of smooth functions on Lorentz manifolds (M", g), where f,
is described in each coordinate chart by a function L(gij, gijk, gij ki) of the metric
and its derivatives. Our proofs of these theorems follow the sketches given by Weyl
in [7], but fill in a number of details often left out of the literature.

As a matter of convenience, we first briefly recall some standard transformation
formulas for the coordinate representations of semi-Riemannian metrics. Let (z°)
and (Z') be overlapping coordinate charts on a manifold M, and let g be a semi-
Riemannian metric on M, described in each chart by the components g;; and g;;,

respectively. Then, on the overlap of these charts, we have:

a b
9ij = g:;g;fjgab, (2.1)
~ Az Oxb dxc 92z 9xzb Ozt 9%ab
Gijk = @@Wgab,c <8a~:’8§3’“85ﬁ WW) Jabs (2-2)
and
. 9z 9zt 9x Ozt
Gij Kl Z@@@W%b,cd
9%z 9xb 9z¢ Oz 9%xb 0x¢  Ox* 9xb O%ac
<85:ia§:l 07 03 | 0% 0mI0F ok Waﬂa&%ﬂ) Jabse
oz¢ [ 9%z Oxb Oz 9%ab
o7t <8x8x’“8x - axaxamk) Gabe (23)

07105 07107 | 070 0FI0T
e ot o o
07007 97 | 0% 0ziozkoF ) I

((’32:6“ &2zl b e 82:cb)
Gab




Before we can state the results in question, we need to specify the appropriate
domain for these functions L. Those readers most familiar with the calculus of
variations will recognize that the natural domain for the Lagrangians of interest
is the 2-jet bundle J2(E) associated with the bundle Sym?(T*M) > E — M of
nondegenerate symmetric (0,2)-tensors on an underlying manifold M, so that the
integrand in the associated action is obtained from L simply by composition with
sections of J?(E). However, we avoid this treatment here for two reasons:

a. Taking the domain of L to be J?(E) presupposes the coordinate invariance of
L. For our purposes, it will be more useful to introduce coordinate invariance as an

explicit algebraic condition, rather than a property encoded in the domain.

b. We wish to keep the discussion sufficiently elementary that any reader familiar
with the most basic definitions of semi-Riemannian geometry will be able to follow.
Though jet bundles play a fundamental role in the modern study of the calculus
of variations,* introducing them here would be a digression that would likely serve
more to confuse than to clarify.

Furthermore, since the Lagrangians of interest do not depend on the base space with
respect to local trivializations of J2(E — M), what follows is in essence a discussion
of how best to coordinatize the space J?(E — R")q of 2-jets at the origin of R™.

In an obvious way, we can view (gi;(p), 9ijk(P), gij ki (p)) as an element of

V, = (R")®2 x (R")® x (R")®* = R"* x R x R"" (making the identification

(wij,wijk,wijkl) = (wijei & €5, WijkC€i & = & €k, Wikl € & € X e ® 61), where all

indices run from 0 to n — 1 and the standard summation convention is in effect).
Defining

W, = {(wij,wijk,wijkl) eV, | det (wij) 7& O}, (2.4)

we see that (gij(p), gijk(P), 9ijki(p)) € W, as well, by the nondegeneracy of the
metric tensor. It’s important that we restrict our attention to functions on W,
rather than V,,, as most of the functions L(w;;, w;jk, wijr) of interest—in particular,
the function L : W, — R such that L(gij, gij.k, 9ij k1) = Rg—employ the inverse of
the matrix (wj;;) in their construction. We’ll use W), as the domain for our functions
L, largely for reasons of notational convenience. (Because of the symmetries and
signature of the terms (gi;), (¢ijx), and (gijk), we could of course restrict our
attention to smaller domains, but this would be an unnecessary complication, and
would have no effect on the following results.)

With these definitions in place, we can now state the classic result of Cartan
and Weyl regarding the uniqueness of scalar curvature:

“And for a good introduction to jet bundles, we refer the interested reader to [6].



Theorem 2.5. ([7]) Let L : W,, — R be a smooth function of the form
L(wij, wijk, wijkt) = ¥ (wap, Wape)Wijkt + B(Wap, Wape)

such that, for every Lorentz n-manifold (M",g), there exists a (globally-defined)
function f, € C>(M) satisfying

L(ij, 9ij ks Gijk1) = fq (2.6)

in every coordinate chart on M. Then there are constants a,b € R such that f, =
aRy + b for every Lorentz manifold (M",g).

Remark 2.7. Since we're only interested in the restriction of L to the components
of symmetric tensor fields and their derivatives, we can assume without loss of
generality (by considering instead Loy, where p(w;j, wijk, Wijk) = %(’wij +wj;, wijk+
Wjiks %(wijkl + wjik + Wijik + wjik))) that L satisfies the symmetries

0L 0L oL oL oL 0L OL

and (2.8)

= , = , = = .
Owgj  Owji Owijr,  Owj Owijrr  Owjs  Owgji

An important first step in the proof will be to establish coordinate invariance

(in the tensorial sense) of the coefficients a* = %, though the proof of this
ij

lemma is not particularly subtle, we carry it out in full detail below, as we will

employ analogous statements without proof in later sections.

Lemma 2.9. Let L : W, — R be a smooth function satisfying the invariance
hypothesis (2.6) of Theorem 2.5 and the symmetries (2.8). Then, for every Lorentz
manifold (M™, g), the relation

oL ox' 9z 9% 02t OL .
(gz'j7gij,kagij,kl) = 974 9 9ac 97l OWabed (gija gij,k,gij,kl>' (2.10)

Ow;jkl
holds on the overlap of any two coordinate charts (x%) and (%')-that is, the deriva-

tives %(gij, Gijk» 9ij.kl) (evaluated at the metric components and their derivatives)
ij

form the components of a (4,0)-tensor field.

Proof. Let M™ be a manifold admitting a Lorentz metric. Fix an arbitrary point
p € M and a coordinate chart & = (2°) defined on a neighborhood of p. For
every coordinate chart £ = (%) defined on a neighborhood of p, define a map
<I>£~ Wy, — W, by
P (wijs wijk, Wijki) = (Wig, Wijk, Wijht),

where (W;;, W;j &, Wij ki) is given by equations (2.1), (2.2), and (2.3) (replacing g with
w and evaluating the derivatives of &€ o €1 at p), so that, if T is any (0,2)-tensor
field on M, we have

O (T35 (p), Tije(p): Tiga(p) = (Tij (0), Tijk (), Tija (p))-



Then, for any Lorentz metric g on M, it follows from the hypotheses of Theorem
2.5 that

Lo ®:(9ij(p), 9156 (P): i,k (P) = f9(p) = L(9i;(P), 9ij i (P): Gijya(p))-  (2.11)

Fix some Lorentz metric g on M. For any (c;jx) € (R™)®* satsifying the symmetries

Cijkl = Cjikl = Cijlk, it’s easy to construct another Lorentz metric A on M such that
(hij(p), hij e (P): hijra(p)) = (9i5(P): 915k (D), Cijit),
and thus, applying (2.11) to the metric h, it follows that
Lo ®:(gij(p), 9ije (), ijir) = L(9i5(P), 9ij e (P), Cijit)

for all such (c¢;jp). Consequently, setting e;ju = e; ® j ® e, ® € € (R™)®* and
defining vk := T(€ijui + €jikt + €iuk + €jik), e have

Lo ®:(9i5(p), 91k (P), i, (P) + tvije) = L(9i5(P), 9ij e (D), Gt (P) + tvijrr) (2.12)

for all t € R. Differentiating (2.12) in ¢, we obtain (setting x = (gi;(p), 9.k (D) 9ij,k1 (D))

for convenience)

Dy, L(x) = D, (Lo®)(x)

= (@) Doy ias(5) + g (Bg(e) Doy

o (@) Doy ()

— S (@) Do )

= (g P Gt ) -+ o (o) g )
(by (2.8)) = % (ajicd Pg(x ‘;‘;;’k‘; (@) 4+ + ajidc Pg(x gzj”l: (x))

= 1 (s e Gt 4+ g @il )
Oy 03) = 5o @ea) 2 )20 )27 (1) 2 ).

Finally, since Dvi].kl = i ( 3w‘?jkl + aw(jikl + aufjlk + 8w(?ilk)7 the relations above, to-

gether with the symmetries (2.8) give us
oL

S (9i5(P); 9ij.k(P)s Gijki(P)) = Duyj(9i5(P), 95k (P)s Gijkr(P))
i
ozt 9xd  OxF ol oL 5 5
= %(P)W(P)@(P)@(P)m(gzj (p), gij,k(p)a Gij,kl (p))7
as desired. OJ

10



Remark 2.13. By a slight extension of the above argument, we can show that,
for any tensor-valued function F : W,, — (R™)®" @ (R™)®* satisfying the invariance
hypothesis

F1(9ij, 9is ko 9iji) = (Tp)5 (T, a fixed (r, s)-tensor field) in all coordinates on M,
(2.14)
the derivatives %(Qij, ij k> 9ij.kl) give the components of a type (r + 4, s)-tensor
field for every Lorentz manifold (M", g). In particular, it follows by induction

that, for a function L satisfying the hypotheses of Lemma 2.9, the derivatives
oL

OWiy i kqty " OWipjpkeply

For the functions of interest in Theorem 2.5, this is of course irrelevant, since all

(9ij» Gij k> 9ij k1) form the components of a type (4p, 0)-tensor field.

such higher derivatives vanish, but this generalization (particularly the case p = 2)
will be useful in establishing other results in the sequel.

Before proving Theorem 2.5, let’s fix notation and recall some standard con-

structions from semi-Riemannian geometry. (See, e.g., [5].)

Definition 2.15. Let p be a point in a semi-Riemannian manifold (M", g). A
coordinate system & : U — R” defined on a neighborhood U C M of p is said
to be normal at p if {(p) = 0 and g;j,(p) = 0 in these coordinates (equivalently,
if the Christoffel symbols Ffj of the Levi-Civita connection vanish at p). More-
over, if (M", g) is a Lorentz manifold and ¢ is a normal coordinate system at p for
which g;;(p) = nij (where n;; is the ijth component of the diagonal n x n matrix
diag(—1,1,1,...,1)), then we’ll call £ a Lorentz normal coordinate system at p.

The exponential map can always be used to construct normal coordinates at any
point on a semi-Riemannian manifold, and the existence of Lorentz normal coordi-
nates at each point of a Lorentz manifold follows by applying an appropriate linear
coordinate transformation (or simply starting from an orthonormal basis on T,M).
These coordinates will play an essential role in the following proof, which closely

follows Weyl’s original argument in [7].

Proof of Theorem 2.5. Without loss of generality (see Remark 2.7), assume that L
satisfies the symmetries (2.8). Define constants b and a/* € R by

b= B(Nap, 0) and a* := o7k (5, 0), (with (9a) € R™ defined as before, and 0 € R”S)

so that for any point p in a Lorentz manifold (M™", g), in any Lorentz normal coor-
dinate system at p, we have

fo(p) = L(9i(p), 9ij. (P): Gi () = a7* gi5 1 (p) + b.
ikl ikl

Now we just need to show that the constants a”* automatically satisfy a

Gij ki (p) =
aRy(p) in all normal coordinate systems, for some a € R.

11



For completeness, let’s begin by recalling the form of the scalar curvature R, (p)
of a Lorentz manifold (M", g) in Lorentz normal coordinates at p € M. Letting V
denote the Levi-Civita connection induced by the metric g, the Riemann curvature

is given in Lorentz normal coordinates at a point p by

() = dz' (Vo Va,0; — Vo, Vi) (p)
= dz"(Vy,(I'y;0r) — Vo, (I7,0:))(p)

oy, ar?,
= o' (L0, + T T58s — 28, — T5T5.0) ()

oz! oxk "
or or.
_ jk . gl
= @(59 (Gjak + Graj — Gik,a))(P) — @(59 (Gjal + Giaj — 9jt.a))(P)
1

= igia(p)(gja,kl + Gka,jil — Yjkal — Gjalk — Glajk + Gjlak) (D)

since Ba%i,j(p) = gg:z (P)9ab,k(p) = 0 in normal coordinates at p. Hence,
R(p) = ¢"(p)Riy(p)
= %gjk(p)gm(]?) (Gjaki T Gkaji — Gik,ai — Gja,ik — Yiajk + jiak)(P)
= P )5 (0) 20550 — 20105,

2

and since ¢ (p) = n;; in normal coordinates, we have

R(p) = njkni(gijik — Girjk) = €i€j(Gijij — Giiji)s (2.16)
where (eg,€1,...,6,-1) = (—1,1,...,1). (In general, if the metric g has signature
(€1,...,6n) =(—=1,...,—1,1,...,1), we can choose normal coordinates at p in which

9ij(p) = €6;j, and the above computation still holds.)

Now, fix an arbitrary Lorentz manifold (M™, g), and let (z%) be a Lorentz normal
coordinate system at a point p € M. Given (c;'-kl) = (ciji) € (R™)® satisfying
cé-kl = cﬁcjl = cz.lk, the inverse function theorem guarantees the existence of a smooth
coordinate system (7%) with #*(p) = 0, defined implicitly on a neighborhood of p by

, 1 ,
ot =3+ gnmc?kljﬂa?k:il.
Since #(p) = x%(p) = 0, we easily compute
ox’ . 0% O3 a
07 (p) = ’D W(P) =0, and m@) = NiaCjki-

Letting g;; denote the metric components with respect to the coordinates (%) and
applying (2.17) to the transformation formulas (2.1), (2.2), and (2.3), we obtain

(2.17)

Gi;(p) = 9i;(P) = Mij» Gijk(P) = 9ije(p) =0, and (2.18)

12



Gijot = Gijt(P) + (acCihy0? + Medl ) Nab = Git(P) + Chy + Chrg (2.19)

From the relations (2.18), we know that () is a Lorentz normal coordinate system
at p, and it therefore follows from (2.19) that

a Mg (P) + b = fo(p) = @G () +b = " (gij 1 (p) + cly + ) + b

Thus, the coefficients a™/* must satisfy

aijkl(kag + Cé‘kl) =0,
and since a¥/* = %ﬁkl(nab, 0), it follows from (2.8) that
IRl — ikl — itk (2.20)
and consequently,
0= aijklcgkl I aijklcékl _ ajz'klcg’kl i aijklcékl _ 2aijklc§kl. (2.21)
Given 0 < i,j,k,l <n — 1, define (c%;,) € R®* by
cékl = c}‘cjl = cé»lk = cfkj = cizlj = cfjk =1 and ¢}, = 0 otherwise.
Applying (2.21) to this choice of (cl;,) then yields
aijkl + aikjl + aijlk + ailkj + ailjk + aiklj — 0’
and therefore, by (2.20),
a M 4 gk 4 gkt = 0, (2.22)
In particular, taking j = k = [ in (2.22), we obtain
a7 — qiiii — ),
and for the case i = j = [, it then follows that
ikt o giiik | gikii _ ogiiki 4 _ 9qiiki _ ()

Thus, we see that a™/* = 0 whenever any integer occurs three or more times in
the multi-index ijkl. Put another way, if-following [3]-we denote by deg,, () the

number of times an integer m occurs in a multi-index I, we conclude that

a7kt = 0 if deg,, (ijkl) > 3 for some 0 < m <n — 1. (2.23)
Moreover, taking i = k, j = [ in (2.22), we see that /% +-a"7'4q") = 209V "] =
0, so

a’ = 2" (2.24)

13



The full utility of this statement will become clear momentarily, but already we have
the immediate consequence that a7 = 7%,

Now, for any A € GL,R, it’s easy to see (by (2.2)) that (z?) := (Afl)émj is
another normal coordinate system at p. If, moreover, A € O(1,n — 1), then, letting
g;; denote the metric components with respect to (z'), the transformation formula
(2.1) gives us
oz,  Oxb
oz o P )8 il
so (7') is Lorentz normal at p. In particular, since a/* (w;;, wyji) = %ﬁkl(wij7 Wik Wijkl)s
it follows that

oL _ _ oL ii
(gw (p), gij,k(p)a Gij kl (p)) = (91] (p), gij,k(p)a Gij,kl (p) =a Ml,

Gi;(p) = (P)gab(p) = Af Abrja, = nij,

8’[1)”“ awz]kl

and applying the tensoriality relation (2.10) of Lemma 2.9 yields

. oxt , 027, 0zF 0!

ijkl _ Y Y Y Ye abed A’L AJAkAl abcd 2.95
a 5 ) 9 (P) 5 (p) o (p)a (2.25)

The Lorentz invariance (2.25) will be tremendously valuable in narrowing the
field of candidates for L. To begin exploiting this, consider the family of Lorentz
transformations A,, (0 < m <mn — 1) given on the standard basis {ey, ..., en—1} for
Rl,n—l by
Amem = —epn, and Ape; = e; for i # m.
Applying (2.25) to the transformations A,, gives
aijkl _ (_1)degm(ijkl)aijkl.

In particular, it follows that a¥/* = —qi/k!
0<m<n-—1,s0

= 0 whenever deg,, (ijkl) is odd for any

rstu

a"* = 0 unless (rstu) = (iijj), (ijij), or (ijji) for some 0 < i # j <n—1 (2.26)

(where the requirement that i # j follows from the earlier statement (2.23)). Thus,

we have
fg(p)—b = Zi;ﬁj(aiﬂjgi]‘,ij (p)+aijji9ij,ji(p)+aiijjgii,jj (p)) = Ei#j(2aiﬁjgij,ij (p)-l—aiijjgz‘z‘,jj (P))>
and, by (2.24), this gives us

fo() = b= Sizj(—a" gij i5(p) — a" gsi ;;(p)) = =i ;" (955 () — 9ii 35 (P))-
(2.27)

We can now easily dispatch with the case n = 2: in this case, (2.27) gives us

fg(p) b= —00011(901,01(17) - 900,11(1))) - anoo(glo,lo(l)) - 911,00(1’)),
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and it follows immediately by comparison with (2.16) that

fq(p) = aRy(p) + b,

where a := 0011 = 1100,

Assume now that n > 2. For any permutation o of {0,1,...,n — 1} fixing 0,
the matrix A, € GL,R whose only nonzero entries are Ag(i) = 1 clearly gives an
element of O(n — 1) C O(1,n — 1). Applying (2.25) to A, yields

R OLOLOLON (2.28)

In particular, it follows that, whenever n — 1 > i # j > 0, we have a0 = ¢00% =
a1 and @' = a!'?2, Making these substitutions in (2.27) now gives us

f9(p)=b = —a"'55(90;,0; (1) —900,35 (D) +gj0,j0(P) — 5,00 (P)) —a" #2150 (9151 ()~ Giij ().
(2.29)
(Note that the positive definite case would be complete at this point.)

Finally, consider the prototypical boost A € O(1,n—1) given by A} = Al = /2,
Al = AY =1, and Aé- = 5; outside of this 2 x 2 block. Applying (2.25) to this

0022

transformation and examining the term a°"~“, we see that

(10022 — 2(10022 + \/§a1022 + \/ia0122 + CL1122 — 2a0022 + a1122’

so a'l?2 = —q%022 By (2.28), it follows that a®9'! = —a!'?? as well, so (2.29) now
gives us
fo) =b = —a""S520(90505 (P) — 900,35 (P) + gjo.jo(p) — gij.00(p))
+a™1y; i.5>0(9i5,i5(P) — 9ii,j5(P)))
= a"" M8, €i€i(9i.05(P) — i i (D))

= aOOHEiGj(gij,ij(p) = 9ii,jj (P))-

Thus, setting a = a"*!! and comparing the above relation with (2.16), we conclude
that
fo(p) = aRy(p) +b,
as desired.
O
Remark 2.30. To extend this proof to metrics of signature (—1,...,—1,1,...,1),

the only additional step necessary is to consider those elements of the associated
isometry group O(p,q) which permute timelike standard basis vectors, and arrive
at the obvious analog of (2.28).
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If we were purely interested in identifying cousins of the Einstein-Hilbert action,
then Theorem 2.5 certainly gives us a good start. But the real appeal (historically)
of the Einstein-Hilbert action lies in the fact that the associated Euler-Lagrange
equations can be written in the form E(g) = 0, where, for every Lorentz manifold
(M™,g), E(g) is a divergence-free (2, 0)-tensor built out of curvature terms (namely,
the Einstein tensor G¥ := Ric" — %Rgij). An obvious next step, then, is to classify
all tensors resembling the Einstein tensor. And here, we find a nice analog of the
previous theorem, also due to Cartan and Weyl:

Theorem 2.31. ([7]) Let T = (T%) : W,, — (R™)®? be a smooth function (each
real-valued component T is smooth) of the form

Tij(wija Wijk, wijkl) = az’jklmp(wab’ wabc)wklmp + Bij (waba wabc)

with the property that, for every Lorentz n-manifold (M™,g), 3 a (2,0)-tensor field
E(g) € JF(M) such that TY(g;j, gijx: 9iju) = E(g) in every coordinate chart
£:U C M — R". Suppose, moreover, that o/IFmp = oJiklmp qnq 3 = it (so that
E(g) is symmetric). Then for every Lorentz (M",g), E¥(g) = aRic” + (bR + ¢)g"
for some constants a,b,c € R. Furthermore, if the tensor FE(g) is divergence free
for each (M™, g), it follows that E(g) is a linear combination of the Einstein tensor

GY and the (inverse) metric g*.

Proof. The proof is a modification of our proof of Theorem 2.5. First, recall (from
the expressions we obtained for the Riemann curvature tensor in the proof of the
previous theorem) that, in a Lorentz normal coordinate system at a point p € M,
the Ricci tensor Ric¥(p) of a Lorentz manifold (M™, g) is given by

yy 1
Ric" (p) = Nirfjs §nka (gsamk + 9ra,sk + Gsk,ar — Ysr,ak — Ysa,kr — gka,sr)(p)

1
= ififjek(gjk,ik + Gik,jk + Gk ki — Gjikk — Gikki — Gkk.ji) (D)

1
= ieiejek(gik,jk + Gjk,ik — Yijkk — Jkk,ij) (D),

and, by (2.16),
R(p)g” (p) = erei(gri e — grku)(P)ij-

As in the scalar case, we can assume without loss of generality that the deriva-
tives of T satisfy the symmetries

ore® ore® 9ret 9Tt 9T 9T 9T 9T
Owi; — Owji’ Qwir  Owj’ Owij  Owjim  Owijie  Owjak

(2.32)

And by an argument identical to the proof of Lemma 2.9, it’s easy to see that, for

any Lorentz n-fold (M, g), on the overlap of any two coordinate charts () and (z°),
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we have

Ty BRI g g
9ij5 9ij.k> 9ijkl) = o0xe 94b H3c o7 Hre OFf awcdef Gijs 9ij.k> Gij,kl), .

a'wkl mp

(since T (gij, gij i ijurt) = B (g) = §% 95 E®(g) = 95 95T (Gis, Gijir Gijkt))-

Now, set a@*mp = qiiklmp (., 0) and b = % (14, 0), so that
EY(9)(p) = a”M™ gy mp(p) + b7
in Lorentz normal coordinates at a point p of any Lorentz manifold (M™,g). Then
iIklmp _ qiglkmp _ gikipm _ ijlkpm (2.34)
by (2.32), and for any A € O(1,n — 1), it follows from (2.33) that
AL AL A} AL AT AR a7t = gfRmp, (2.35)
Moreover, by the same argument we used in the proof of Theorem 2.5 to obtain
(2.22), we again have
qiklmp . gidkmip | qiskomi o giiklpm | giskmpl  gijkplm _ () (2.36)
so (by (2.32)) @ kimp 4 giikmpl o gigkpim — (2.37)
and consequently
a*mP — () if deg,, (klmp) > 2 for any 0 < m <n — 1, (2.38)
as before.

As in the proof of Theorem 2.5, we can use the Lorentz invariance (2.35) of the
terms a/*™P to conclude that

a“FmP — () whenever deg,,(ijklmp) is odd for any 0 <m <n — 1. (2.39)

When i # j, this implies that a™*P = () unless

(klmp) = (ijrr), (irjr), (irrj), (jirr),

(rigr), (rirj), (jrir), (rjir),

(rrij), (jrri), (rjri), or (rrji)
for some 0 < r < n — 1; furthermore (2.38) implies that a”*™P will vanish if this
r =i or j (so immediately we see that a”/*™P = ( whenever i # j in the case n = 2).
By the symmetries (2.34), we already know that a”¥kk = qiidikk = qiikkij — qijkkji
qidikik — igikkj _ gijkijk _ gijkiki onq qiiikik — qiskiik _ gidikki _ gigkiki o Apd
from the symmetries (2.37), we see that

QHiIRk | o qidikik _ ijigkk y idikik o gijikki _ ()

)
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s0 2a4kik = _qiiiikk — _qliiikk — 917Kk and consequently
QlIkKiG _ gidigkk _ qijkkij y o idikik _ ijkkij y gijikik |y giddkik _ gijkkig y qijkijk y ijkiki

by (2.37). We've now shown that a™**i = qiiihk = _2qiitkik — _2qiijkik = and

combining this with the other properties we’ve derived so far, we see already that

=0,

a'ktmp Gklmp(P) = Ek;éi,j@aijijkkgij,kk + 2q'IFKii Gkk,ij + 4a"ik3 kgik,jk + 4a™7 kikgjk,ik)(p)

= =255 ;0TI (gir ik + Gikik — Gijak — Grkij) (D).
—a promising form for something we wish to show is a component of the Ricci tensor.

Next, by applying the Lorentz invariance (2.35) to the permutations A, €
Sp—1 C O(1,n — 1) and the prototypical boost from the proof of Theorem 2.5, it’s
easy to check that (still with the stipulation that i # j), for all 0 < k,1 < n —1
different from ¢ and j, we have a%** = ¢l when k,l > 0, and @k = 17700

when k (as well as ¢, j) is positive. Hence,
@M gt (D) = 20O 5 (Gin gk + Giik — Gijkk — Ihkig) (D)
when ¢,j > 0, and

a%Fm g (P) = =% S 20,5 (Gok gk + Gjkok — 90j ek — Tkk07) (D)

when 7 >0 and r € {1,...,n — 1} is any index different from 0 and j.

By another application of the same Lorentz invariance arguments, we observe, more-
over, that @790 = gFlkO0 when 4,4,k 1 > 0, and a%29211 = 121200 Thys, letting

a = 4a°?9211 we can indeed conclude that
aMP g (D) = a€i€;Snzi €k (Gik, ik + Giksik — Gijkk — Gk,ij)(p) = aRic (p) (2.40)
when i # j.

Now, let b7*™P denote the unique constants satisfying the symmetries (2.34)
such that

aRic” (p) = 6P gp (D)

in any Lorentz normal coordinate system at a point p of any Lorentz manifold
(M™, g). Setting ckimp .= gijklmp _ pijklmp - we note that the terms ¢7*™mP satisfy
the same symmetries as a”*"™?_ including the Lorentz invariance (2.35); and, by
(2.40), it’s clear that c“*™P = ( whenever i # j.

For simplicity, assume that n > 2 for the remainder of the argument (as usual,
the n = 2 case can be dispensed with fairly easily, so we’ll leave it to the reader).
Since c*mP gatisfies both (2.35) and (2.38), now-familiar arguments show that the
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only nonvanishing terms ¢“*™P are those of the forms ¢*ikk or fikik = (Hiikki
where j # k,

Gidikk — _oijkik — _oikjkj _ ikkjj
bk — o@a(@)a)o(G)e(k)o(k) o) any automorphism o of {0,1,...,n — 1} fixing 0,
and ¢"WIRk — _ 13300 f 4 7, and k are all distinct and positive.
(Likewise, c/i3%F = —c00iikk when i, j, k € {0,1,...,n—1} are distinct and positive).

Consequently, we see that

ciklmp IR (g5 kk = Gikjk) (D)

611112221#2.%(gii,k,i = Gik,ik + ki — Yik,ik) (P)

Gkl,mp (P) =
_ 10022y,

when ¢ > 0, and

0klmp Ho1122%,

9kl,mp (p) = 00022 Yk>0 (goo,kk —90k,0k T 9kk,00 —QOk,Ok) (p)+

Finally, by yet another application of the invariance of ¢*/*™P under the action of
the boost from the proof Theorem 2.5, we obtain

(000022 _ 4 000022 | 5 001122 | 9110022 |_ 111122 (2.41)
G122 _ g 111122 9110022 4 9 001122 | 000022 (2.42)
Q001122 _ 4 001122 | 5 000022 4 9111122 | 110022 (2.43)

and 110022 _ 4110022 | 9 111122 4 5 000022 | 001122 (2.44)

Taking the difference of (2.41) and (2.42) yields %0022 = 1122 and it follows

similarly from (2.43) and (2.44) that 110922 = (001122 Fipally, applying these

000022 _ __ 001122

equalities to (2.41), we see that ¢ as well, so

szklmp _ 6111122

Gkt,mp(P) = €j€k(9jikk — 9k jk)(p) when i > 0,

00klmp _0111122

and ¢ Iklmp(P) = €j€k(9jjkk — Gjkjk) (P)-

_ 11122

Thus, setting b = , we have

IRP gt (D) = erer(grin — grka) (0)nij = bR(p)g"” (p).

Since we’ve now shown that a“*™Pgy, ..(p) = aRic¥ (p) + bR(p)g” (p) in nor-
mal coordinates, it follows readily that the terms b% satisfy the Lorentz invariance
AL AJprs = b (A € O(1,n — 1)), and a quick application of the usual arguments
yields b = b'1n;; = cg(p) (where c := b'!). Thus,

M g1, mp(p) + 07 = aRic” (p) + bR(p)g” (p) + cg” (p)
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in any normal coordinate system, so indeed,
EY(g) = aRic” + bRg" + cg",
as desired.

That E(g) is divergence-free (for every g) precisely when it is a linear combina-
tion of the metric and the Einstein tensor G = Ric — %Rg now simply follows from
the fact that G is divergence-free. O

When n < 4, a combinatorial argument due to Lovelock reveals that the conclu-

sion of Theorem 2.31 still holds if we replace the linearity assumption #
¥ mpqr

0 with the requirement that E(g) be divergence-free (see Chapter 8 of [4]). This
works because the divergence-free requirement introduces more symmetries to the
o ” . . 92T
derivatives of T%, which together imply F It Trw—
pigeonhole principle. Hence, in the dimensions of interest in General Relativity, the

= 0 in dimension < 5, via the

only divergence-free tensors that are functions of the metric components and their
first and second derivatives are those of the form aG + bg.

3. Low-Order Lagrangians of the Metric and a Matter Field

With an understanding of the classical results, we’re now prepared to prove our
main theorem, from which the conclusion of Bray’s conjecture follows easily.

We now take the domain of our Lagrangians to be Y™ = W,, x (R™)®™ x
(R™)@0m+1)  where W, is still given by (2.4). For a function L : Y* — R, the
statement that L has the algebraic form (1.8) can be stated more clearly as follows:

DyDyDyL =0 Yu,v,w € 0 x (R")®3 x (R")®* x (R")®™ x (R™)®™ T c y™, (3.1)
With these definitions in place, we are now in a position to state our result:

Theorem 3.2. (Main Theorem) Let L : Y,” — R be a smooth function satisfying

(3.1) and suppose that, for every triple (M", g, D) (where g is a Lorentz metric and
D is a type (0,m)-tensor on M), 3 fgp € C°(M) such that

L(9ij, 9ij ko> Gijkts Div i s Diy i k) = fg.D

i all coordinate systems on M. Then there are constants a,b,c € R, a quadratic
invariant Qq(D) = pul’(

term Bdg(D) such that

9ab)D1Dy, an invariant trace term T4(D), and a divergence

fo.0 = a+ bRy + cldy|2 + Qqg(D) + Ty(D) + Bdgy(D)

for all triples (M, g, D) (where dry is the exterior derivative of the m-form ~;,..;, =
LS es, sgn(o)D

ml

io’(l)"'io'(m) )
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Remark 3.3. Once again, by replacing L with the function L o ¢, where ¢ : Y* —
Y™ is given by
1 1 1
O(Tijs Tijh, Tijkl, YT, YI1,5) = (i(xij+xji)a §($ijk+xjik)7 Z(fEijkl‘i‘xjikl+«Tijlk+37jilk)7 Yr,yr.j),

we can assume without loss of generality that L satisfies the obvious symmetries
DyL = Dy L; DyDyL = Dy Dy L for u,v € Y (3.4)

Remark 3.5. Note that the result extends immediately to the case where D takes
values in type (r, s)-tensor fields, since the raising and lowering of indices is a Oth-

order operation in the metric.

Once we’ve established the main theorem, it’s not difficult to see how the result of
Bray’s conjecture follows:

Corollary 3.6. (Bray’s Conjecture) Let L : Y," — R be a smooth function satisfying
(3.1) such that, for every triple (M™, g,V) (V an affine connection on TM), 3
fov € C°(M) such that

L(9i5, 9ij k> Gij ki, Vigrs Tijrt) = fg.v
i all coordinates on M. Then there are constants a,b,c € R, a quadratic invariant
Qy(D) = u!(gaw) DDy, and a divergence term Bdy(D) such that
fov = a+bRy+ cldy|2 + Qqg(D) + Bdy(D)

for all triples (M, g, V) (where Dyjj, = Ty, — %(ij,i + gik,j — Gij k) and v is the fully
antisymmetric part of D).

Proof of Corollary 3.6 (Assuming Theorem 3.2). Given such a function L, define
another function L : Y — R by

~ 1 1
L(xij, Tijk, Tijkts Yijh, Yigkt) = L(2i5, Tijk, Tijrs yz‘jk+§ (% ki +Tikj—Tijk)s ?/ijkl+§ (T kit +Tikji—Tijr)),

so that

L(9ij, 9ij k> Gijkis Dijkes Dijk) = L(Gij, Gijokes Gijit> Vigh, Digt) = fo, 95

where V is the connection that differs from the Levi-Civita connection Vg, by the
tensor D. L then clearly satisfies the hypotheses of Theorem 3.2 in the case m = 3
with fy p = fg,v, so fy v has the form

fov = a+ bRy + cldy|2 + Qqg(D) + Ty(D) + Bdy(D).
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To complete the proof, observe that, since the trace component Ty(D) = o/ k (9ab) Diji
is invariant under changes of coordinates, the coordinate transformation x? — —a'
yields

a7 (gap) Dijie = 0% (gap) (= Dijie) = =¥ (gap) Diji

so T4(D) must vanish identically. O

Proof of Theorem 3.2. If we ignore for a moment the summands of L that depend
nontrivially on the tensor D, the statement of Theorem 3.2 strongly resembles that
of Theorem 2.5. Indeed, defining a function L:W,—R by

(@i, Tijry Tigr) = L(2ij, Tiji, Tijar, 0, 0),
we see that, since IA/(gij, Gijk»> 9ijkl) = [g,0 holds in all coordinates on every Lorentz
manifold, the function L satisfies nearly all the hypotheses of Theorem 2.5, the only
exception being that L is allowed to depend quadratically on the second derivatives
of the metric. Thus, to show that f; o has the desired form, we simply need to show

PL
that axijklaxqrst - 0

By (3.1), we know that

oL

m(gaba Gab,cs gab,cd) = aijkl (gab) + ﬁijqurs (gab)gqr,s + 'Yijqumt (gab)gqr,sta
ij

ijklqrst (

ijkl L L
where g*7*4"s (gab) = 0T ;10T qrs (gaba Yab,c; gab,cd) and -y gab) = W(Qab Yab,c; gab,cd) .

aﬁ?i?kl (Gabs Yab,cs Yab,ca) form the components of a type (4,0)

By Lemma 2.9, the terms

tensor field. An immediate consequence of this tensoriality is the fact that the terms
oL

(Gabs Gab.c» Gabca) are unchanged by the change of coordinates (z') — —(z?),

0Tk
from which it follows that Bijqu’“s(gab)g%s = _ﬁijqum(gab)gqm — 0, and, conse-
quently,
oL ijkl ijklgrst
T (Gabs Gabes Gabed) = @9 (gap) + 77 (9o gt
ij

Now, let p be a point on an arbitrary Lorentz manifold (M", g), and let (2*) be

a Lorentz normal coordinate system centered at p. Given (b;k) € (R™)®3 satisfying
o : R : .

b;k B bz’j and '(C;'kl) € (R")®% satisfying c;o(l)ja(2)ja(3) - c}1j2j3

o € S, let (Z') be a smooth coordinate system with Z'(p) = 0, defined implicitly

for all permuations

on a neighborhood of p by
. » 1., .. 1 g
=3+ ib}k:njxk + 677mc?klx]xkxl. (3.7)

(Such a coordinate system always exists, of course, by the inverse function theorem.)
Then clearly

ot 9%t

)= o s
ie P T %0 pagzh

Doz P) = M Cabe

(p) = by, and

22



so we see that

35 (p) = 9i5(p) = g, and Giju(p) = gija(p) + (b5b% + b0 ) ab + oy + i

oL

and the tensoriality of 57"~ (gab, Jab,c) Gab,cd) implies
igkl ’ ’

0 = T By gy Jab Gabie: 9
0xijn (Gab» Yab,e» Gab,cd) (D) 01 (Jabs Gab,c: Jab,cd) (P)
= ’YUqumt (nab)(nabbgsbgt + nabbgtbgs T CzSt + CZSt).

Applying the symmetries of the terms 77147 (corresponding to (3.4)) to the above

relation, we obtain

IR () (bbbl + €lap) = 0. (3.8)
Now, fix some indices 0 < ¢, 7, s,t < n; take (bl,) =0, cl, =cl,=cl, =k, =
cl,. =cl,=1, and set ¢l = 0 for all other choices of 0 < 4,7, k,1 < n. In this case,

(3.8), together with the other ((3.4)) symmetries of the terms y7*47st yields

,Yijqurst(nab) + ,yijqustr<nab) + ,yijqutrS(nab) =0. (39)

Next, fix some 0 < u,v < n, set (C;"kl) =0, b, =0bl, =1, and b;k = 0 for all

other i, j, k. Now (3.8) gives us
,yijkluuvv<nab) + ,yijkluvvu(nab) + ,yijklvuuv(nab) + ,yijklvvuu(nab) _ 07 (310)

for all 0 < u,v < n.
Finally, given 0 < m, q,r,s,t < n, setting bg; = by = bgy = bj; = 1, and letting

all other bj-k and cé.kl =0 in (3.8), we obtain

0 = AN () 4+ TR () IR (1) 4 TR ()
+,yijklsstt(77ab) +,yijklstt3(77ab) +,yijkltsst(77ab) +'Yijklttss(77ab)
_'_,yijqusrt(nab) +'7ijqutr8("7ab) +’7ijklr8qt(77ab) _|_,yijk17’tq5(77ab)
+,yijklsqtr(nab) _i_,yijklsrtq(nab) +7ijkltqsr(nab) _|_,.Yijklt7’3‘1(7]ab)_

By (3.10), the first two lines of the above relation vanish, and since ~¥*lasrt —

niiklsatr - qijklatrs — ~ijkltast and so on, by (3.4), the equation above reduces to
2(y 9T (1) + A TFIT (1) + TR (1) 4 AR (15)) = 0, (3.11)
Applying (3.9) to the first two and last two summands of (3.11) now yields

0 = 2(—Harst () — AUIRITALS (1)) = —dnaRlarst (),
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so we see that ~yWklarst( ijklarst (

it follows that

Nap) = 0, and by the tensoriality of the terms Jab),
8L

— ~tjklgrst -0
axijklal'qrst (gaba Gab,c) gab,cd) Y (gab)

in all coordinate charts on every Lorentz manifold. Thus, we can apply Theorem
2.5 to the function [:, and conclude that

fo0 = a -+ bRy (3.12)

for all Lorentz manifolds (M™", g).

Remark 3.13. Note the the central role that the assumption 8x~~kl883£ =0
ij

xmpqramtuv

(a consequence of (3.1)) plays in our proof of the statement f,o = aRy + b. By
removing this assumption, we would allow the terms #1475t to change under general
coordinate transformations of the form (3.7), causing us to lose the symmetry (3.10),
and allowing R?, |Riem/|?, and other quadratic curvature terms to appear in fg,0-

Our next goal will be to characterize the terms o/ = 82? -,
3]

employ an analog of Lemma 2.9 (whose proof is identical to that of Lemma 2.9-if

To begin, we’ll

not slightly easier, since we don’t have to symmetrize) to conclude that, for every
triple (M™, g, D), the coordinate expressions alj(gij,gij,k,gijkl,D[,DL]-) form the
components of a type-(m + 1,0) tensor field.

By (3.1), we know that a!/ must have the form

a?(gij, 9ii ks Gijrts D1, Drg) = B (gab) + B (gap) Gimp + B (gab) Gim.pg
+0" % (gap) Dic + 0" (gap) D -

We wish to show that, in fact, the only nontrivial terms above are 3%/ (gap) and
IjKl D
N2 Ggab) Dic -

Let (M, g, D) be a triple consisting of a manifold, a Lorentz metric, and a (0, m)-
tensor field, and let € be an arbitrary coordinate chart on M. Set £ = —¢, so that
the tensoriality of a!/ yields

o (Gij, Giis Gijrts D1, D1j) = B (gap) — B (9ab) Gimp + B ™Y (Gab) Gim.pg
+(=1)"n"" (gap) Dic + (—1)™ "5 (go) Dy
= (=)™ a%(gij, gij: Gijrrs Dr. Drj) = (=)™ (B (gap) + B (gab) Gimp + B (gab) Gim,pq

05 (gap) D + 1775 (gap) Dic 1)

If m is even, it follows that ,BIj (gap) + 5Ijlmpq(gab)glm,pq + WIjK(gab)DK = 0, and,
consequently

o’ (gij, gij.ks 9ijkts D1 Drj) = B (gap) gim.p + 075 (gab) Dic - (3.14)
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When D = 0, this gives us a!’(gij, gijk, 9ijht> 0,0) = B (gop)gim p; hence, the
terms B9 (g,4)gim,p form the components of an (m + 1,0)-tensor for all (M, g),
and since we can choose coordinates at every point for which g, , = 0, it follows
that Blﬂmp(gab)glm,p = 0. Thus,

o' (gij, gijks 9ijkts D1, Drj) = 175 (gap) Dy (3.15)
as desired. If m is odd, we instead obtain Bljlmp(gab)glm,p + 018 (gup) D = 0, so
that

o' (gij, 9ijk 9ijkts D1 Drj) = B (gap) + B9 (gap) Gim pg 1" (gap) Dic 1 (3.16)

Taking D = 0 in (3'16)7 we see that 5” (gab)+/81jlmpq (gab)glm,pq =ali (gija Gijks Gijkls 0, O)
form the components of an (m + 1,0)-tensor, and, as a consequence, the terms
BLitmra(g.,) obey the symmetries (3.8) in the last four indices. Thus, by the same
arguments we used to show that 4%t (g,) = 0, we conclude that B17mP4(g..) = 0,
and, consequently,

o’ (gij, gijks 9ijkt D1, Drj) = B (gap) + 0" (gap) D1, (3.17)

as desired.

Now, from the tensoriality of 377 (gqp) and a7, it clearly follows that the terms
IiKl

U

arguments identical to those in Lemma 2.9 that 7

9ab) Dk transform tensorially for all (M, g, D), and it again follows from

. I .
I]Kl(gab) = %(gab) give the
components of a type (2m + 2,0)-tensor field as well.

Given a triple (M™, g, D), a point p € M, and a coordinate system () about
p for which z¢(0) = 0, we again observe that, on some neighborhood of p, 3 a
coordinate s‘ystem‘(ii) with #(p) = 0 and 2% = '+ %b;kj’:jik (where (b;k) € (R")®3
satisfying b;-k = b}cj is arbitrary). Under this change of coordinates, we evidently

i ; 2 i . B
have 9% (p) = 0% and 352 (p) = by, 50 Gab(D) = gab(P),

Dk 1(p) = Dicy(p) + ()1 Dby () + - + b, 1 Diy o1+ (D)),

m

and, by the tensoriality of n//5!D K.l

"5 (gan() Dra(p) = 17" (Gar(p)) Drca(p)
175 (gab(9)) (Drci(p) + by Dyt (P) + -+ + Yy 1 D17 (D)) -

We conclude that, for any choice of (M™, g, D) and (b;k) of the given form, in all
coordinate charts on M, we have

05 Gab) Oyt Drkgeoey + -+ + Vi, 1 Dy ) = 0. (3.18)
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Fix an arbitrary point p in a Lorentz manifold (M™, g, D), and fix a coordinate
system about p. Given any T € (R™)®™ note that we can choose D € Z%(M) such
that Dk (p) = Tk in the given coordinate system; hence, we can replace (3.18) with

anKl (gab)(bzllTrk‘zmkm et bzmlTkr“km—lT)’ (3'19)

where T' € (R™)®™ is constant. We’ll use this to show that /%! is antisymmetric
in the last m + 1 indices.

Fix some multi-index @ = ¢1 -+ ¢m (0 < ¢; < n — 1), and define an element
T € (R™)®™ by setting T = 1 and Tx = 0 for K # Q. In this case, (3.19) gives

n]jquQ-uqml(gab)billl 4ot n[qu-nqulkml(gab)bzzl =0. (320)

Fixing t € {0,...,n—1} and setting b}, = 1, bé-k = 0 otherwise in the relation above,
we obtain

Loyt it (go)6,, 4 = dege(Q)n' 9 (ga) = 0, (3.21)

from which it follows that 7779t = 0 whenever ¢ occurs in Q.

Next, fix some distinct ¢, s € {0,...,n — 1}, and set b, = b’, = 1, bé-k, = 0 otherwise,
so that (3.20) gives

E;n:l(nleS(gab) + 77qu1-~~qr71sqr+1~~~qmt(gab))(sqrt = 0. (3_22)

Now, if deg;(Q) > 1, then ¢t occurs in q; -+ - ¢r—15¢r+1 - - ¢, for every r, so by (3.21),
plia-ar—1s@r+1-amt — () and it follows from (3.22) that 7779% = 0. If deg,(Q) = 1,
with ¢. = t, then we simply obtain n//Q% = —plia1@r—-15¢r+1-amdr  Pytting all this

together, we’ve now shown that, for any multi-index IjKl and 1 <r <m,
Ijky-kp—1lkrg1kmkr _ _ IjKI
U e = -7,
from which it follows that 775! is fully antisymmetric in its last m + 1 indices (and,
IjKl . _ 9L

T Oyr,;0yK

1KY

consequently—since 7 —in its first m + 1 indices as well).

Now we wish to show that » 9av) D1 jDicy = c|dy|2, where |- | is the usual norm
on (m + 1)-tensors and v = Alt(D) is the fully antisymmetric part of D. By the
IjKl

antisymmetries of the terms 7 , clearly we can assume m + 1 < n, and we see

that

1iKL(

n 9ab) D1 iDL = CmSis <<y < Sy <ol < (gan) (d) 15 (dY) K

for some constant ¢, depending only on our convention for the definition of Alt,

T8 (gab).

Nap) 18 invariant under the action of the Lorentz group on (2(m+

since (dV)iy-imi1 = CnEoeSmi19ip0) Digayinm - BY the tensoriality of n

we know that n/8{(

26



1),0)-tensors. Thus, by the same Lorentz-invariance arguments we used in the proof

of Theorem 2.5, we have 775! (n,;) = 0 if deg;(Ij K1) is odd for any ¢, so, combining

this with the antisymmetries of n/7%! we see that

175 (gab(0)) Drj (D) Dica(P) = €mBiy <o <i™ 1 () (d7)3; (D) (3:23)

for a coordinate system about p satisfying gu,(p) = nap. By the Lorentz invariance
and antisymmetries of 77717 (1), it’s also easy to see, as before, that 17’917 (ny,) =
0I5 () when I'j' = o(i1) - - - 0 (i )0 (§) for some permutation o of {0,...,n—1}
fixing 0, and 7’970 = (=1)%9o@ +1pI'I'T'S" when I'j' = o(i1)--- 0 (im)o(0) for a
permutation o that doesn’t fix 0. Hence, we indeed have

175 (gap) D1 jDgcy = — 2 IO (0 NS i< (A7) = cldy 2,
as desired.

We’ve now shown that

fop = a+ bRy + cldy|2 + B (9ab) Drj + ¢ (93, 9ijok» Gigt» Ds) Dr,

where ¢! = % Since f, p—(a+bRy+c|dy|?) is another invariant function, it follows
again from the same arguments we used in Lemma 2.9 that 5%77(g,;) is tensorial, so
Bdy(D) =: 31(gap) Dy gives an invariant divergence term. By considering normal
coordinate systems, we conclude that

fg.0 = a+ bRy + c|dy|} + Bdy(D) + 1t (9ij, gijra, D) Dr,
where ,U'I = CI(’a 0, )

It follows that p!(gij, gijx, D) defines a (m,0)-tensor field, and by (3.1), we
know that p! has the form

195, Gijets D) = N (gab) + N ™9(gap) Gim.pg + A (gap) Dy

Setting D = 0, we see that A (gap) + A9 (ga) Gim,pq defines a tensor field in its own
right, and we can apply the same arguments we used to show that % =0to
conclude that A\P¢ = 0. Finally, since A (gq) and M7 (gep) Dy determine (m,0)-
tensor fields, setting T,(D) = M (gap) D1 and Qq4(D) = MY (gu) DD, we arrive at

the desired form:
fo,.p =a+ bRy + C|d7‘§ + Bdy(D) + Qg(D) + Tg(D).

O]

Since the divergence term Bdy(D) has no effect on the variational principle arising
from the Lagrangians in question, it follows that, for all such principles, the m-
form ~ is the only part of D whose dynamics are controlled by the Euler-Lagrange
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equations—a curiosity worth examining from a physical perspective. We suspect that
similar results will hold under a variety of slightly weaker algebraic restrictions on
the Lagrangian L.
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