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Midterm
Complex Analysis, Math 333

October 8, 2014

Please write your name on thig exam in the space provide above. There are
100 points on this 75 minute exam. Show all of your work to get full credit
on each problem. You may write on the backs of pages if you need extra
space. Good luck!

1. (10 points) Plot the third roots of —27 and express each of the roots in
polar coordinates.
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2. (10 points) Describe and graph the region determined by 12| < |z — 2|.
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3. (10 points)

(a) Suppose f(z) is analytic in the region |z| < 1. Suppose that f(z) is
analytic in this region also. Give some examples of possible functions that
f(z) might be, and then prove that this is all of them.
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(b) Suppose that f{z) is analytic in the region |z| < 1 and that
|f(2)] = 7 in this region as well. Without quoting any major theorems (like
the Maximum Modulus Theorem) other than the result of part (a) above,

solve for every possible function f{z).
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4. (15 points) Let f(z) = =B,
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(a) Find the Laurent series expansion for f(z) around zo =0,
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(b) What is [ f(2)dz when C is the circle of radius 2 going counterclock-
wise around the origin? (Hint: Don’t actually do the contour integral. Use

part (a).)
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(c) What is [ f(2)dz when C is the curve drawn below?




5. (15 points) Let C be the circle of radius 100 going counterclockwise
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6. (15 points)

(a) Determine the Taylor series for f(z) = T% around zg = 0.

(b) What is the radius of convergence of this Taylor series?
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(c) What is the radius of convergence of the Taylor series for this same
f(z) around z = 17 Note that you do not have to compute the Taylor series
itself, just determine its radius of convergence.
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7. (10 points)
(a) State and prove Liouville’s Theorem (about bounded analytic func-
tions defined on the entire complex plane).
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(b) Let P(2) = apz™ + ap-12""1 + ... + aq, for some n > 1 and a, # 0.
Prove that there exists a value of z € C such that P(z) =0
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8. (15 points) Generalization of Liouville’s Theorem. Suppose that f(z) is
entire (analytic in the complex plane) and that

f(z)] < Al2|* + B

for all 2 and for some real-valued positive constants A and B.
(a) Give an example of a nonconstant analytic function which satisfies
this bound for some A and B.
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{(b) Make a conjecture about the set of all entire functions f(z) which
satisfy the above bound.
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(c) Prove your conjecture. \F c{
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