Final Exam, Math 421
Differential Geometry: Curves and Surfaces in R’

Instructor: Hubert L. Bray

Monday, April 29, 2013

Your Name: K - Laz

Honor Pledge Signature:

Instructions: This is a 3 hour, closed book exam. You may bring one 81 x 11” piece
of paper with anything you like written on it to use during the exam, but nothlng else. No
collaboration on this exam is allowed. All answers should be written in the space provided, but
you may use the backs of pages if necessary. '

Express your answers in essay form so that all of your ideas are clearly presented. Partial
credit will be given for partial solutions which are understandable. If you want to make a guess,
clearly say so. Partial credit will be maximized if you accurately describe what you know and
what you are not sure about. Each problem is worth 12 points, Good luck on the exam!

Problem 1. Suppose we have a surface M parametrized by (u,v) with unit normal vector U.
Let £, F, G and [, m, n be defined as usual in the book, but suppose that F' = 0 everywhere.

(a) Prove that {-——35- S, U } forms a orthonormal (length one, mutually perpendicular) basis of
vectors at each pomt on the surface M.
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(b) Prove that

E, G
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~ Problem 2. Suppose a unit speed curve a(s) has constant curvature x > 0 and zero torsion 7.
(a) Show that

7(s) = afs) + N

is a constant curve; that is, show that (s) = p for some fixed point p.

=T 3 N =xT+3B=-KT.
(Frenet facmulz)
H@nce}

TICS) = T(s) + -‘—72-<._')<T(J‘)) = T -T = O)
So T(J‘) — P

‘Fof\ some. fixed f:om’l' p.

(b) Using part (a), prove that the curve a(s) is part of a circle centered at the point p. What is
the radius of the circle?

57 p= X ($) + {;N_ Hence,
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Problem 3. ]
(a) Given a surface M with unit normal vector field U, define the shape operator S,(v) at the
‘point p on M, where v is a tangent vector to M at p.

S5, ==V U , whee U i Hhe unitnprma/m M.

(b) Prove that S,(v) is also a tangent vector to M at p. (Hence, S, : T,M — T,M.)

|=U-U
O = \/[U-U] = ;U'VVU =

SF(\!)':-"'VVU 1 U =
Sp(V) 67;1"1

() Prove that S, is symmetric as follows: Given a coordinate chart Z(u, v), show that

Sp(Z) By = By Sp(Fo).
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Problem 4,
(a) Prove that on every compact (closed and bounded) surface M C R? there is at least one
point of M with positive Gauss curvature K.

Consider +he Srullest sphere. centered af +he ariglo

$hat bounds & (®gion Conﬁiﬁiy M. This Sphare S} (o)
will be Haged +o M od some point p.
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(b) Prove that there does not exist a compact minimal surface in R3.

A minimal surlae has O=H = LA ko k
Honce, K=k k, - Z0H
= Kk (-k,)
- _'(kn)z £ O ot ewrypoint

ohnich {8 tmpotsible. by part(@). Harcs, Fhore does nst” exist
o Compack minimal Surface in R,

(c) Give two examples of a minimal surface in R3.
()) The XY p!ou\e: (z=0)
(2) The coderoid © Jezr = Cosh(X)
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Problem 5. Define a geodesic of a surface M to be any curve a(t) on M such that o'(t) is
perpendicular to M.

(a) Prove that a geodesic has constant speed. -Lqrgeyi- M me di U-Jﬂ/‘ o M
go-il; (v) = ,%;(d‘(we)- ofy) = QW) L) = O,
Thus, V* ad honee v qre ConSlant

(b) Give the definition of geodesic curvature for a general curve on a surface.

K = o) - T(T)  when () is f“"“"‘d"’zfd

0° countor ockugsp
m‘é‘;bn m%"l"'-'-‘-d(.r)

(c) Prove that a geodesic has zero geodesic curvature.

X% = ) - TCT) =
peqz\hM —!ngwhH

(d) Suppose « is a geodesic on the standard unit sphere. Prove that it is contained in a plane.

WLOG: unit speed
%Qo&e.ﬂc o'(s) =T W)= XN o perp. oM
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Problem 6. The Gauss curvature of a surface of revolution of the curve a(u) = (g(u), ~A(u)),
h{u} > 0, is given by
B g'(g"h’ _ hﬂ'gr)
- h(g’2 + hrz)z '
(a) If we parametrize the curve by arc length so that the velocity of the curve is one, then we
may let '
o/ (u) = (¢'(w), W'(u)) = (cos(6(w)), sin(6(w))),

where 6 is the angle that the velocity of the curve makes with the x axis. Compute the Gauss
curvature K in terms of h(u) and #{u).

(W) = cosBw —> gltu) = —sin& Slw)
Jii = sin 6w — W) = cosb - W

K _ Cos& (—-sm‘B *wzﬂ)&?u) _ CosE - e’(u) _ h“(u)
e (Cos?® +51n28) - h(w) h(u)
R_ either is fine »

(b) Prove that the only flat (X = 0) surfaces of revolution are planes, cones, and cylinders.
(Hint: The solution to part (a) makes this easy.)

K=o —= h'=0 %%conﬂm" h/-*SmG(u)-ﬁ
B(w) Ao Cconttudf.

=0 — ‘ng[i'\m l

© =1, — [plane ]
All othe~ 6 —

(c) Let M be a toroidal (like a donut) surface of revolution formed by a unit speed curve «(u),
a < u < b, which begins and ends at the same point (a{a) = «(b)) with the same velocity
vector (¢ (a) = o/(h)). Using part (a) and the area form formula dA = 27h(u)du (and without

using the Gauss-Bonnet theorem), prove that @

prd ~
KdA =rc. \.y
/, > x
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for some constant ¢, and compute the value of c.

SM KdA y: hﬁ% 27 Nwdu = — MR v-)—_i

= (k'@ -W()) = O.

Hence, c=0 , which moder sove Sine M 4 o
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Problem 7.
(a) State the “Gaunss Bonnet Theorem for a Disk.”

f§, Kdh = [ xds =21

(b) State the “Gauss Bonnet Theorem for a Disk with Corners” both in terms of exterior angles
and interior angles.

yy KdA ~+ S‘vgdr + Z (r-4) = 2T @,‘x

= fwme m‘} ZCo Marzi‘}
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(c) Explain, in general terms, how the statement in part (b) can be derived from the statement in

part (). |
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(d) Using the statement in part (b), prove the Gauss Bonnet Theorem for a general compact
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Problem 8. Suppose « is a geodesic on M and is also contained in a plane P. Prove that o
is also a line of curvature of M. (Recall that a line of curvature is any curve whose tangent
direction 7 is an eigenvector of the shape operator at every point.)
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Problem 9. Suppose that M is a connected surface without boundary which has Gauss curva-
ture larger than the Gauss curvature of the round sphere S of radius one in R®.

(a) What is the Gauss curvature of the round sphere S of radius one in R37

(D
v =P I< = l<( |<z = L od each FOM‘f',
(b) Prove that M has positive Euler characteristic.

M

K>41 = XYM) > 0.

(c) Using the fact that connected surfaces alt have Euler characteristic less than or equal to two,
prove that the area of M is less than the area of S.

Yor = ov-0 = 2w -XM) =S Kdf > [[1dn = onaa ()
M M

Hence

area(M) < 4fY = area (S) .



Bonus Problem: A closed geodesic is one which makes a complete loop back to where it
- started and then continues in the same direction so that «(s) = «a(s + L), for some L. For
~ example, great circles are closed geodesics on the round sphere.,

Prove that there are not any closed geodesics on a circular cone.

ngoeofe, o closed geo&eﬂ'c 8 (o) did exist Chyete Hhe
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