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Instructions: This is a 75 minute, closed book exam. You may bring one 8%" x 11" piece
of paper with anything you like written on it to use during the exam, but nothing else. No
collaboration on this exam is allowed, All answers should be written in the space provided, but
you may use the backs of pages if necessary.

Express your answers in essay form so that all of your ideas are clearly presented. Partial
credit will be given for partial solutions which are understandable. If you want to make a guess,
clearly say so. Partial credit will be maximized if you accurately describe what you know and
what you are not sure about, Each problem is worth 12 points, except Problem 3 which is worth
15 points. Good luck on the exam!

Problem 1. The Circular Cylinder

Consider the surface parametrized by

Z(u,v) = (cosu, sinu, v).

(a) Compute F, F', and G for this surface.




(b) Compute {, m, and . for this surface.

(¢) Compute the mean curvature & and the Gauss curvature K for this surface.




Problem 2. Umbilic Surfaces

Suppose M is parametrized by #(u, v) with unit normal vector field U/ and consists entirely of
umbilic points. That is, suppose

Sp(V) = k{p) ¥,
where k(p) is a real-valued function forp € M.

(a) Prove that k(p) equals a constant (call it k) on M.

(b) If kg = 0, show that A is contained in a plane. (From scratch - do not quote the theorem
that zero shape operator implies that A is in a plane - prove this.)




(c) If kg # 0, then show that

1
‘g‘(u:v) = f(uav) + U
ko

is a constant. That is, show that §{u, v) = p for some fixed point p.

(d) Using part (¢), prove that the surface is part of a sphere centered at the point p. What is the
radius of the sphere?




Problem 3. (A Surface in 4-Dimensional Euclidean Space)

Consider the surface in 4-dimensional Euclidean space parametrized by
Z(u,v) = (3 cos(w), 3sin(u), 4 cos(v), 4sin(v).

(@) If we allow —oo < u,v < 00, this parametrization wraps around the surface infinity many
times. Topologically, what is this surface? (Possible answers: a plane, a disk, a sphere, a torus
(surface of a donut), the surface of a donut with two holes, etc.)

(b) Compute Z,, and &,,.

(c) Since this surface is not embedded in 3-dimensions, our usual unit normal vector U is not
well defined, meaning that our usual shape operator is not well defined. IHence, we cannot
compute {, m, or n, However, we can compute F, F', and (. What are they?

(d) Since the shape operator is not well-defined, the principal curvatures, principal curvature
directions, and mean curvature of this surface are not well defined in the usual sense. However,
we do have a formula for the Gauss curvature of this surfaces in terms of F, F, G when F' = Q,
which is

~~s o (vea) * s ()

Compute K for this surface.

(e) Prove that this surface with this metric (meaning this F, F, ) cannot be embedded as a
smooth compact surface in 3 dimensional Euclidean space.




Problem 4. (The Gauss Bonnet Theorem for a “Catenoidal” Surface of Revolution)

o (0) ol (L)

W
e

Let a(s) = (z{s),y(s)), 0. < s < L, be a unit speed smooth «HHEA curve of length L in
the zy plane which does not intersect itself or the z-axis. Suppose also that the curve starts out
going straight down and ends by going straight up, as drawn in the figure, meaning that

y'(0) = ~1 and %/ (L)=1

Let M be the “catenoidal” surface of revolution created by rotating the curve a around the

z-axis. Show that
/ KdA = ¢
M

for some constant ¢, and compute the constant ¢, The only formula for the Gauss curvature of
M you may assume without proof is

K = 28 (G a(s) - ) ()

Hints: You will need to use dA = 2nyds and the fact that z'(s)? + 3/(s)* = 1.




Problem 5. (The Willmore Functional of a Surface)

The Willmore functional of a surface S in 3 dimensional Euclidean space is defined to be

W(S) = / /S H? dA,

where H is the mean curvature of the surface, After the midterm, we will learn the Gauss-

Bonnet theorem, which says that
/ / K dA = 4m,
8

when S is a topological sphere (meaning not necessarily round, like a deflated beach ball).

(a) What are H/ and W{S) when S is a sphere of radius R?

(b) Using the Gauss-Bonnet theorem above, prove that when 5 is a topological sphere,
W(S) = 4.
(Hint: Simplify (@ + )% — (o — b)? and then relate your identity to the definitions of K and H.)

(¢) Use a theorem that we learned in class to prove that if S is a topological sphere with W (S) =
47, then S must be a round sphere.,




Problem 6. (Curves which Wrap around a Cylinder)
Consider the curve «(#) on the circular cylinder 22 + 2 = 1, where
a(fl) = (cos(6),sin(9), h(0))

for some function h which has period 27, meaning that h(6 - 27) = h(#). Note that this curve
goes around the cylinder once when (¢ < ¢ < 27,

(a) Compute o/ (8), &'(9), and o/ (8).

(b) Compute the torsion 7 of this curve in terms of 4. You may use the formula

(af ¢ Oa”) . a,m
|a! % a!l|2

(c) Prove that ,
0= / () (1 + K(0)? + 1"(0)?) db
0

(d) Whether you got part (c) or not, use the identity in part (c) to prove that if o has 7 > 0, then
the curve o must be contained in a plane.




