Midterm Exam, Math 421
Differential Geometry: Curves and Surfaces in R?

Instructor: Hubert L. Bray
Wednesday, February 28, 2018

Your Name:

Honor Pledge Signature:

Instructions: This is a 75 minute, closed book exam. You may bring one 8%” x 117
piece of paper with anything you’ve written on it to use during the exam, but nothing else. No
collaboration on this exam is allowed. All answers should be written in the space provided, but
you may use the backs of pages if necessary.

Express your answers in essay form so that all of your ideas are clearly presented. Partial
credit will be given for partial solutions which are understandable. If you want to make a guess,
clearly say so. Partial credit will be maximized if you accurately describe what you know and
what you are not sure about. Each problem is worth 12 points, Good luck on the exam!

Question Points Score
1 12
2 12
3 12
4 12
5 12
Total 60




Problem 1. Consider the surface M parametrized by
Blu,v) = (1 4+ 13,3 — 20°%, u® +0°),
for —oo < u < oo and —oo < v < 00.

(a) Compute Zy, &, and U.




(b) Compute S,(#,) and S,(Z,).

(c) What is the shape operator S,(%), for any tangent vector '?

(d) What is the surface M ? Describe it as well as you can.




Problem 2.
(a) Give the definitions from class (and John Oprea’s book “Differential Geometry and Its Ap-
plications”) for the metric terms F, F, G and the shape operator terms /, m, n.

(b) Prove that ,, and z, are eigenvectors of the shape operator at points where both ' = 0 and
m =0,




Problem 3.
() Define the Gauss curvature K of a surface in R3.

(b) Define the mean curvature H of a surface in 13,

(¢) Show that for any two linearly independent vectors v, w in the tangent plane T, M to M at

the point p,
Sp(v) x Sp(w) = K(p) v x w.

(d) Show that for any two linearly independent vectors v, w in the tangent plane T),M to M at

the point p,
Sp(v) x w+ v X Sp(w) = 2H(p) v X w.




Problem 4. (The Gauss Bonnet Theorem for a Cone-like Surface of Revolution)

Let a(s) = (z(s),y(s)), a < 8 < b, be a unit speed smooth curve with
o/ (a) = o/ (b) (1)

in the 2y plane which does not intersect itself or the x-axis, Let M be the surface of revolution
created by rotating the curve « around the z-axis, which topologically will be like a cone. As (b)
derived on page 119 of the book, the formula for the Gauss curvature of M is o

/

K = 28 )y (5) — o (s)a'(s).

Using the above formula, prove that "
€

/KdAzc
M

for any such curve «, for some constant ¢. Compute the constant c. V
Hints: You will need to use dA = 27y ds, where ds is the length form of the curve, and the
fact that 2'(s)? + /(s)? = L.




Problem 5. Let U be the unit normal to the smooth surface M at the point p € M, and let uq
and ug be an orthonormal basis for the tangent plane T, M to M at p. Define

u() = cos(0)uy + sin{f)us,
and let Py be the plane through p containing the vectors U and u(6). Suppose that
o M N Fyis a straight line,
o M N Py4is astraight line, and
o M (M Py is a straight line.
Prove that the shape operator of M at the point p equals zero, that is,
Sp(v) =0,

for all tangent vectors v.




